The Coulomb vacuum polarization contribution to the energy levels of hydrogen and deuterium atoms is calculated for states with n ≤ 200. The Uehling potential is the dominant contribution of the vacuum polarization to the energy levels. Numerical values for this contribution are given to nine figure precision in this paper for states with l ≤ 2. This correction is negligible for higher values of l. These results are available on the NIST Physics Laboratory Web site at physics.nist.gov/hdel.
I. INTRODUCTION
Energy levels in hydrogen and deuterium are determined primarily by the eigenvalues of the Dirac equation. However, to obtain accurate values for the levels, it is necessary to take into account many additional corrections, including those due to quantum electrodynamic (QED) effects. In hydrogen and deuterium, the largest QED effect is the self-energy. The next largest is the vacuum polarization, which is due to the creation of a virtual electron-positron pair in the exchange of photons between the electron and the nucleus.
II. VACUUM POLARIZATION
The second-order vacuum-polarization level shift is written as
where Z is the charge of the nucleus, which in the case of hydrogen and deuterium, is 1, α is the fine structure constant, n is the principal quantum number of the state, m e is the mass of the electron, c is the speed of light, and H(Zα) is a dimensionless function of order 1. In order to facilitate the calculation, that function is divided into two parts, corresponding to the Uehling potential [1, 2] , denoted here by H (1) (Zα) and a higher-order remainder H (R) (Zα) = H (3) (Zα) + H (5) (Zα) + · · · , where the superscript denotes the order in powers of the external field. The individual terms may be expanded in a power series in Zα as H (1) (Zα) = V 40 + V 50 (Zα) + V 61 (Zα) 2 ln(Zα) 
and l is the orbital angular momentum of the state. The remaining part G
VP (Zα) that arises from the Uehling potential is readily calculated numerically, as described in Sec. III.
The higher-order remainder G 
Higher-order terms omitted from Eq. (6) are negligible in hydrogen and deuterium.
III. CALCULATION
The numerical evaluation of the Uehling potential correction has been described before [6, 7] and is reviewed in this section.. The Uehling potential in a Coulomb field, in units where m e , c, andh are replaced by 1, is [1, 2] 
and the energy-level shift is
where φ n (x) is the Dirac wave function for hydrogen. This can be written as
where
where f 1 and f 2 are the radial wave functions as defined in Ref. [6] The transform L n (u) is an elementary function for any state, and is given explicitly for the states with n = 1, 2 in Ref. [6] . However, to evaluate L n (u) for a wide range of values of n, it is convenient to numerically integrate the expression in Eq. (10). The integrand in Eq. (10) is of the form
where << 1 and P (x) is a polynomial with degree of order 2n. An integral of this form is evaluated exactly by applying Gauss-Laguerre quadrature of the general form that includes the fractional power in the weight function, provided a sufficient number of abscissas and weights are employed [8] . In principle, this number is of order n in order to obtain the exact result, but in fact an accurate evaluation results for a very small number of integration points, of order 10 or less, even when n = 200, because the dominant contribution comes from the first few powers of x. The radial wave functions f 1 and f 2 in Eq. (10) are readily evaluated with the aid of Ref. [9] , which gives recursion relations for the polynomial terms in the wave functions.
The integral over t in Eq. (9) is evaluated by making a change of variable to
and finally evaluating the integral with Gauss-Legendre quadrature applied to the variable s, where x = s 4 . The values obtained here result from a 70 point evaluation, although this is well above the number of integration points needed to obtain the quoted uncertainty.
The accuracy of the two-dimensional integration was monitored by comparing the results of 8 × 60 point integration and 10 × 70 point integration for each evaluation. In all cases, the difference is well below the quoted precision.
The results for G
VP (Zα) are obtained by computing
IV. RESULTS
The results of the numerical evaluation of G
VP (Zα) for Z = 1 and α = 1/137.036 are given in Table I . All figures shown in the table are significant, and the numbers have been rounded to the nearest last figure.
The Uehling potential correction for states with angular momentum l ≥ 3 is zero to the number of figures shown in the table. 
